
JOURNAL OF

Journalof GeometryandPhysics13 (1994) 158—168 GEOMETRYAND
North-Holland PHYSICS

Onthe Leray—Maslovquantization
ofLagrangiansubmanifolds

MauriceA. deGosson
ResidenceduParc 32, alléedesVanniers,F-54600Villers lesNancy,France

Received28 July 1992
(Revised1 February1993)

We defineageneralizedMaslov index on A
4(n), the coveringof order4 of the Lagrangian

GrassmannianA(n). ThatgeneralizedMaslov index,definedon all pairsof elementsofA4( n),
allowsus to stateLeray—Maslov’squantizationrule independentlyofthechoiceof frame.
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1. Introduction

In histreatise“LagrangianAnalysisandQuantumMechanics”[4] Leraygives
aquantizationconditionfor LagrangiansubmanifoldsVofZ=OR~xl~,equipped
with the symplecticform w=dq A dp. Thatcondition [4, ch. II, §3.6, definition
6.21 canbestatedas follows:

(1) Foreverytwo-frameRthe function

ER3imR(i)+çoR(~)eR/47L (1.1)

is definedmodulo1 on V\ER,

whereJ~is the universalcoveringmanifold of V, ER the apparentcontourof J~’~
relativeto theframeR,ER its projection,(

0R thephaseofRVandm~is theMaslov
index on V relativeto R andi/v

0 is Planck’sconstant(seeref. [4, ch. I, §~2.5,
3.2, 3.3] for thesenotions).

Condition (1) is independentof the choiceof the frameR: if it holdsin one
frameit holdsin everyframe;however,its statementrequiresa choiceofframe.

We showin thispaperthatit ispossibleto giveaquantizationcondition [con-
dition (2) below] whichis equivalentto (1),but which doesnot requirea pre-
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liminary choiceofframe.Thisis madepossibleby theuseof aMaslov index, free
of anytransversalityassumption,andwhich is a slig1~tvariantof the Maslov in-
dexwedefinedin ourpapers[2,3]. Condition (2) thusobtainedcanbewritten

iF 1_L

4~m~j2mi’~’~~’yeir1

whereC~,=~ dq, m~is thejump of the Maslov index alongy. That condition
whenappliedto the classicaltrajectoriesof theharmonicoscillatorverysimply
yields the energylevelspredictedby quantummechanics;it has in factagreat
similarity with theclassicalBohr—Sommerfeldquantizationcondition;wethere-
fore call condition (2) the “generalizedBohr—Sommerfeldquantizationcondi-
tion”.

Our notationsareessentiallythoseof ref. [3]. ForxcP wedenoteby ~ (~)the
classof x modulo4 (modulo8). Let Z= P “ xIP” be equippedwith the symplec-
tic form w(z, z’) =x’~y—x~y’,z= (x, y), z’= (x’, y’). We denote by A the
LagrangianGrassmannianof (Z, w): leA if andonly if 1 is a n-dimensionalsub-
spaceof Z, andw=0 on 1. Spis the symplecticgroupof (Z, a), i.e., thegroupof
all automorphismsofZ leavingw invariant;Mp is themetaplecticgroup,i.e., the
unitaryrepresentationin L

2(P”) of Sp
2,the doublecoverof Sp. Mp is generated

by generalizedFouriertransformsSAgivenby
n/2

SAf(x)= (~)A(A) J e~f(x) dx,

with A(x, x’)= 1Pxx—Lx~x’+~Qx’~x’, p....pT QQT det(L) #0,A(A)=

i
mldet(L) ~2, m~r=Arg(detL) mod2~r(seeref. [4, ch. I]), vci[ 1, oc) being
aparameter.Finally, forq=2, 3, ... wewrite 7Lq =7L/qZ.

2. ExtendedArnold—Leray—Maslovindices

We denoteasin ref. [3] thesignatureof atriple (1, 1’, 1”) of Lagrangianplanes
by a(l, 1’, 1”) andits classmodulo8 by à(l, 1’, 1”); recall [1—3]thata is aSp-
invariant,antisymmetric,7L-valuedcocycleon (A (n) ) ~, locallyconstanton each
set

Ak,kk’={(l, 1’, 1”) :dim(lnl’) =k, dim(/’r~/”)=k’, dim(/nl”) =k”}

for 0~k,k’,k”~n.

Furthermore

a(l, 1’, 1”) ~n+dim(lr~l’) +dim(l’n/”) +dim(lrml”) mod2 . (2.1)

As Dazord [5] wedefinethemodifiedsignaturedby
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d(l, 1’, 1”) = ~( —n—dim(lnl’) —dim(l’nl”) +dim(lnl”)

+a(l, 1’, 1”)). (2.2)

It is immediatelyclearby (2.1) andthepropertiesof athat

Proposition2.1. The Dazordsignatured is aSp-invariant7L-valuedcocycle, lo-
cally constanton eachAk k ‘,k’~

Observethatdueto thepresenceof theminussignbeforedim(lnl”), dnolonger

is antisymmetric;however,d(l, 1’, 1”) =d(l”, 1’, 1). For fixed leA wedefine

d1(S,S’)=d1(s,s’)=a(l,sl,ss’l)eZ4, (2.3)
5, 51 eSpbeingthe projectionsof S,S’; it is clearfrom proposition2.1 that

(2.4)

i.e., d1 isaZ4-valuedcocycleon thegroupMp. Definenow

m,(S)=~(~1(S)+ñ+dim(slnl))eP/47L, (2.5)

where~ is theLeray—Maslovindex on Mp relativeto 1 [3, § 3, p. 2681; it imme-

diatelyfollows from thepropertiesof~1[3, thm. 3.21 thatm1(S)e74 andthat

Theorem2.2.
(a) Thefunctionm1istheonlyfunctionMpi-+7L4 havingthefolowingproperties.
(1) m1(SS’)— rn1(S)— m1(S’)=d1(S,S’) (i.e., d1 is a coboundaryofm1);
(2) the mapping (S,1’) —* rn1 (S)— d(sl, 1, 1’) e7L4 is locally constant for

s1r~l’=lnl’=0, hencem1 is locallyconstantforslnl={0}.
(b) Furthermorem1hasthefollowingproperties:
(3) m1(S)+m1(S~)=ñ+dim(lnsl),m1(I)=ñ,
(4) m1(—S)=rn1(S)+2,
(5) m1(S)—rn1 (5)=d(5l, 1,1’) —d(sl,si’, 1’) +d&i(slr~l)—di~i(sl’nl’).

It is instructive to computem1(S)when l={0}xR’
1 andS=SA;then/.t1(SA)=

~(SA)=2th(A)—h [3,formula (3.12)thm. 3.2(i)];thus

(2.6)

hencem
10—_m0 is theArnold—Maslov indexmodulo4 [4, ch. I, §2,81.This moti-

vatesfollowing definition:

Definition 2.3. We call m1 : Mp—JL4 the extendedArnold—Leray—Maslov(ALM)
indexon Mp, relativeto 1.

Let now 1, 1’ be two elementsof A4, the coveringspaceof order4 ofA=A(n);
thereexistsSEMp suchthatT’=Sland if S’eMpis suchthat1’=s’t, thenS’=SH,
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Hbeingin thestabilizerSt (1) of! in Mp; from theorem2.2(1)andthedefinition
(2.3) of a, it follows that

m1(S’)=m1(S)+m1(H)+a(l,sl,sl)

hence,using(2.2) andtheantisymmetryof a,

m1(S’)=m1(S)+m,(H)=m1(S)+m1(H).

Now, m1(H)=~~i,(H)=Oin view of lemma4.1 of ref. [3]; hencem1(S) is in-
dependentofthe choiceof S in Mp suchthatT’=Slandonly dependson thepair
(!~1’); wethereforedenoteit m(1, 1’); thepropertiesof m (1, 1’) follow fromtheo-
rem2.2 (comparewith ref. [3, thms.4.1 and4.2]):

Theorem2.4.

(a) Thefunction

m:A~(1,1’) F-*m(1, 1’)~7L4

is the onlyfunctionA~—+7L4which is locally constanton {(1, T’):lnl’={O}} and
suchthat

(1) m(T,T’)—m(l 1”)+m(I’, T”)=n+a(l”, 1’, 1).
(b) mhasfurthermorethefollowingproperties:
(2) m(T,1’)+m(I’, 1)=ñ—c n(lnl’), rn(1, l~=O,
(3) m(S1,S1’)=rn(I, 1’), VSeMp.

Using the sameargumentas in ref. [3, thm. (4.2)(iii)], onereadily proves
thatthe following identityholds,wherei=,~/Ji,ke7L:

(2.7)

notethat (2.7) thenappearsas aparticularcaseof property(3) of theorem2.4
whenk=k’.

Foratriple of pairwisetransverselagrangianplanes (1, 1’, 1”), onedefines[4,
ch. I, §2,4] the index of inertia i(!, 1’, 1”) as beingthe index of inertia of the
quadratic form on 1 (or 1’, or 1”) defined by Q(z)=w(z, z’) (or Q’(z’)
=a(z’, z”), or Q”(z”)=w(z”, z)) for (z, z’, z”)elx!’Xl”, z+z’+z”=O. That
indexis relatedto thesignaturea(l, 1’, 1”) by

a(!,1’, 1”) =2i(!, 1’, 1”) —n if!nl’=!’nl”=lnl”={O}

from thatrelationandtheorem2.4(a)it follows that

Corollary 2.5. The restriction m’ ofm to (A~ )‘ = { (1, 1’) :1n 1’ = {0 } } is the only
locallyconstantfunction (A~)’—~7L4suchthat:

m’(T, I’)—m’(I, T”)+m’(I’, 1”)=i(l, 1’, 1”)
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for In!’ = 1’ n 1” = 1” n 1= {0}.

Proof Immediatein view of theorem2.4(a)sincewehave

~÷d(l”, 1’, 1) =n+ ~(—ñ+à(l”, 1’, 1))

=1(1, 1’, 1”)

whenlnl’=l’nl”=l”nl={O}.

Corollary2.5 identifiesm’ with theindexonA4definedby Leray [4, ch. I, § 2,5,
§2,8, thm. 8]; Leray’s index was an extensionof Maslov’s index,whosecorrect
definitionhadbeengivenby Arnold [61,thusjustifying

Definition 2.6. We call m :A~—~l4theextendedALM index on A4.

For fixed l0eA considerthe multiplication on Spx 74 definedby

(s,th)(s’,th’)=(ss’,th+th’+d10(s,s’)) ; (2.8)

in view of the cocyclepropertyof d~0it is clearthatSpx 14 is agroupG10for that
multiplication; (I, ñ) is the identity of that group and (s, th) — = (s~,
ñ—th+dim(slnl)).

Let leA, SeMp; in view of theorem2.2(4) theimageof m1(S)in 12 only de-
pendson landon theprojectionsof S; wedenotethatimagem1<s>.

Theorem 2.7. For everyl0eA themapping

MpoSi.-~(s, m10(S))eG10

is an isomorphismofMponto thesubgroup<SpXA4>10={(s, th); mem10<s>}of

G,; therestrictionofthat mappingto {S : sl0n l~= {0} } is a homeomorphism.

Proof Absolutelysimilar to theproofof theorem5.1 in ref. [3]. E

We maythus,for given1, identifyMp with <Spx A4)’10, thatidentificationbeing

bothalgebraicandtopological (seeref. [3, thm.5.2]). Similarly:

Theorem2.8. For everyl0eA themapping

A4eTi-*(l,m(T,10))eAX14 (*)

is a bijection. The restriction of that bijection to A(O)={T:lnlØ={0}} is a
homeomorphism.
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Proof Themapping(*) is injectivefor, if 1=1’, then[= jkt for somek ci, and
m(1 ~)= m(1’, T~)= m(1, 1~)+ k~thenimpliesk 0 mod 4, hence1= T’. The map-
ping (*) isobviouslysurjective.The secondstatementfollows from thefact that
mis locallyconstanton A(0) [theorem2.4(a)]andhencecontinuous.

WemaythusidentifyA4 with AX14; transportingthetopology ofA4 on thatset
theidentificationalsobecomestopological;wedenoteby <A x 14>10thetopolog-
ical spacethusdefined.

UsingtheidentificationA4 = <Ax 14>10it is easyto calculateexplicitly theALM
index:

Corollary2.9. For T=(l, S), 1= (1’, X’) in <Ax14>10 wehave:
(1) m(T, 1’) =,~—,~“+ñ+d(lo, 1, 1’);

henceinparticular
(2) m(T, 1~)=X—X0+dim(1n10)forTo= (lo, X0).

Proof Obviousin view oftheorem2.8 andformula (1) in theorem2.4.

Sp actstransitivelyandcontinuouslyon A; thatactionis coveredby an action
of Mp onA4 (moregenerallythecoveringgroupSPqof orderqactson the cover-
ing spaceA24 of order2q, seeref. [4, ch. I, § 2,3, thm. 3, 3°].The corresponding
actionof (SpX14>10on <AXZ4>10 is easilydescribedusingtheMaslov index.

Theorem2.10. The group <SpX14>10 acts continuously and transitively on
<Ax14>10 via

(s,~2)(l,X)=(sl,~2+X+d(!0,s!o,sl))

Proof Obviousin view of the cocyclepropertyof d, the continuityof the action
beingaconsequenceof proposition2.1 andthe definition of the topologiesof
<SpX7L4>10,<AX7L4>10.

3. A quantizationconditionfor Lagrangianmanifolds inZ

Let Vbea connectedlagrangianmanifold in Z, J~its universalcoveringspace.
We assumethat V (~)is two-oriented,i.e., thatthereexistsacontinuousmap-
ping Vnzi.-~I(z) eA4 (J.~oI~-~1(1)eA4) (a “two-orientation”) which composed
with the natural projection A4—~A gives the mapping z—~l(z)= T~V
(f—*l(i)=T~J~’)(thetangentspacetoV(J~)atz(~)).

ForeachT3eA4 wedefine rn10: V—~l4by:
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3.1. m~0(f)=m(1(i),10) [=X(f)—Xo+d1~i(lnl0) if one identifies A4 with

<Ax7L4>,0,1(f)with (l(f),X(f)),10 with (10,X0)].

The indexm/0 hasthefollowing properties:

m~0(i)—m11(f)=n+a(l(z),l0,l1)—m(T0,11). (3.1)

Proof Formula(1) in theorem2.4(a). n

3.2. m10() is constant on each connected component of the set J~\E10,where
E10={z :1(z) nlo={0}} is the“apparentcontour” ofVrelativeto 1~.

Proof Obvious againby theorem2.4(a), since the mappingi—41(i) is con-
tinuous.

The first homotopygroup ir1 ( V) acts on V: if yer~( V), Ic J~thenyleVand
hasthesameprojectionzeV asI. The following resultis essential:

Proposition3.3. Thedifferencemî0(yI)— rn~0(I)only dependson yeir1 ( V); it is
thereforedenotedthy; clearlyth~eZ4.

Proof In view of formula(1) in theorem2.4we have

—m(I(yI), Io)+rn(1(f), 10)=ñ+d(10, 1(1), l(yI))—m(I(yI), 1(1))

Now, bothmappingszi.-~1(yf) andI —~T(I) arecontinuous,andcoverthe map-
pingIi.-~l( I) eT~~, sinceI andyl havethe sameprojectionzeV; it follows that

—rn(I(yI), 1~)+m(T(I),1~)=—m(I(yI),1(1))

notingthatd(l~,1(1), l(yf) )= — n, abeingantisymmetric.TheLagrangianman-
ifold J~is connectedsinceV is, hence(1(yf), 1(1)) describesaconnectedsubset
0fA4XA4this implies thatm(1(yf),1(1)) hasa constantvaluein view of theo-
rem2.4(a).

The symplecticform a= dp A dq vanisheson everyLagrangianmanifold V;
hencethereexistsafunction~: c’—~~,thephaseof V, suchthatdç~= (p, dx> (sensu
stricto, ça is only determinedup to an additiveconstantsinceV is connected).

Let v0ei [1, cc)be apurely imaginarynumber(in quantummechanicsv0would
be 2iri/h, h Planck’sconstant),andconsiderthefunction

F(f)=~m10(I)+~~~:~(f) . (3.2)

ReplacingI by yi, yem1 ( V), thephaseq, (I) increasesby aconstantvalue,de-
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notedC~,anddependingonly on y; in fact

C~=ço(yI)—ço(I)= <p,dq>; (3.3)

hence,taking intoaccountproposition3.3,

F(yI)—F(I)=~th~,+ C~. (3.4)

Definition 3.4. The connectedLagrangian manifold V satisfiesthe generalized
Bohr—Sommerfeldquantizationcondition if

~th~+ -~ ~,ei4 (3.5)2iri

for everyyem1(V).

Example. Consider the one-dimensionalharmonicoscillatorwhoseHamilton-
ianfunction is givenby

H(q,p)= (p
2+m2w2q2) (rn, w>0). (3.6)

The classicaltrajectoriesin phasespaceare solutionsof Hamilton’s equations
q(t) =ÔH/äp,p(t) = —aH,/aqandarethusthe ellipses

Va,a: q(t)=acos(wt+a), p(t)=—mawsin(wt+a), a,areal.

Theuniversalcover ~ of Va~is parametrizedby

~q(t)=acos(wt+a),
~a,ap(t)=—m0sin(0jt+1~T5), (teP)

(u(t) =wt

Settingz= (z, u) = (q,p, u), thedifferentialdço=pdq is givenby

dço(I)=~ma2w2(l—cos2oit)

that is,

~(I)=~(ma2w2u+pq).

Let y: [0, 2ir/w]~ti.-*(a cos(wt+a), —mawsin(wt+a)) be the generatorof
it
1 ( V) =ir~(S’)= (Z, +); oneimmediatelychecksthat C~=ma

2wir,and,using
formula (1) in corollary2.9wegetaswell

th~=m
10(q,p,u+2ir/w)—m10(q,p,u)=

2

(intuitively, onehasto rotateatwo-orientedline twiceto getit backto its initial
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position);choosingv0=i/h, h=h/2ir, Vaa is thusquantizedif andonly if

+ rna
2wme7z

for all n ci, which conditionis equivalentto

a2=(2n+l)h/m2w, n=0,1,2,..., (3.7)

hencethequantizationof thetrajectoriesof theharmonicoscillatorin phasespace;
reportingthe valuesof a2 given by (3.7) in the classicalformulaE= ~ma2w2
giving thetotal energyofthe oscillator(3.6),wegettheusualenergylevels

E~=(n+~)hw,n=0,1,2,... (3.8)

predictedby QuantumMechanics,andwhich are the eigenvaluesE~of the
Schrödingeroperator

H(q,p)=— ~ +~mwq

associatedto theHamiltonian (3.6). We do not explainherethe agreementof
the valuesgivenby (3.8) with theseeigenvalues;insteadwe relateour quantiza-
tion condition(3.5) to thequantizationconditiongivenby Leray [4, ch. II, § 3,6,
p. 144].

Let V be aconnectedLagrangianmanifold (in Z), equippedwith a two-ori-
entationdenotedI~—~1(I).Let ReMp; wedefineRVasbeingtheimageof Vby r,
theprojectionof R onto Sp; clearlyRVis aLagrangianmanifold,andusingthe
identificationof Mp with <SpXi

4 >/0 (theorem2.7)),togetherwith theorem2.2,
it isalsoclearthatRVis two-oriented;wewill, in thissituation,callRa two-frame
ofZ (it isnot exactlythe definitionLeraygivesof atwo-frame [4, ch. I, § 3,3]; it
is, however,equivalent).Let now w betheLagrangianphaseof V; it is thefunc-
tion w: J)’_~p,uniquely determinedup to an additive constant, such that
d~(I)= ~w(z, dz);thephaseof Vrelativeto thetwo-frameRis then

(x,p)=Rz, ztheprojectionofl. (3.9)

Let ~*EA4 haveprojectionX*={0}XP~~,ref. [4, ch. I, § 3,3] defines

mR(z)=m(RX,1(z)) , (3.10)

wherern’ is therestrictionofrn tothe set{ (1, t) : ln l’={O}} (seecorollary 12.11);
thus m~ is not defined on V, but only on V\ER, where ER=

{Ie J~:rl(z) nX*={0}} is theapparentcontourof Vrelativeto the two-frameR.
Now, Leray’s quantizationcondition (called“Maslov’s quantumcondition”

by Leray) canbe statedas follows:

3.5. Foreverytwo-frameR, the function
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ER3Ii-+—~mR(I)+~WR(1)EP/47L

is definedmodulo 1 on V\ER (ER the projectionofER on V).

Remark. If condition 3.5 holdsfor onetwo-frameR, it holdsfor all two-frames
[4, def.6.2].

Proposition 3.6. TheBohr—Sommerfeldquantizationcondition(eq. 3.5) and the
Leray—Maslovquantizationcondition3.5areequivalent;theythusdefinethesame
quantizedmanifolds.

Proof In view of (3.9) the Leray—Maslovquantizationconditionis equivalent
to

3.6.

GR(I)=—~mR(I)+~-~fr(I), IeJ~\ER,

isdefinedmodulo1 on V\ER.

Let yeit1 ( V); yl andI havethe sameprojectionz,hencein particularyE~= ER.
In view of formulas (2k) and(3) in theorem(2.4) wehave

m~(yl) —rn~(I) =mR~.(z)—m~~*(yI)

for Ic 1~~\ER;by proposition3.3the r.h.s.of thisequalitydependsneitheron R,

noron I, hencemR(yl) — mR(I) = — thy; on the~otherhandit is obviousthat

~i(yI)—yi(I)= ~w(z,dz)= ~pdq,

hence~i(yI)—w(I)=C~ it thusfollows from condition 3.6that

+~thy+~

henceLeray—Maslovquantizationimplies Bohr—Sommerfeldquantization.Sup-
poseconversely

~(m~0(yI)—m~0(I))+~ (~(yI)—~(I))ei4,

that is,

~(mio(yI)—mi0(I))+ ~ (i,u/(yI)—~/.I(I))ei4
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for all yeir~( V); choosinganelementR in Mp suchthatRl0=X*, which ispossi-
blesinceMp actstransitivelyon A4,wecanrewritethat relationas

~(m(I(yI), R~*)_m(1(I), R~*))+ ~ (~(yI)—~(I))ei4,

whichis equivalentto 3.6 for IE J
7\ER againin view of formula(2~)in propo-

sition2.4.
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